Lecture 3 



MVP + integrable 44> harmonic 

Theorem 1 Suppose u G L\ oc , then u is harmonic 44> u satisfies MVP on f2. 



Proof: Take C°° function p on W 1 with properties: (a) Supp(p) C B(0, 1); (b) p > 0; 
(c) p is radical, i.e. p(x) = p(\x\); and (d) f B ^ Q ^ p(x)dx = 1. 

By these properties, we have 

1= / (0, = / / p{s)dads = / /)(s)nc<j n s ra_1 (is. 

Jo JdB(0,s) Jo 

Define pW(x) = ^p(M),u r (x) = * u = _i_ J n p (N=M) n ( y ) dy . (Without loss 

of generality, we can assume u G L 1 (0) - otherwise we consider near every point s.t. u 
is integrable.) 

Now we have 

1 f \x — y\ 



U r(v) = j^p{—^—)u{x)dx 

= \f p( l -^)u(x)dx 

r JB{y,r) r 

= — f V f p(^^)u(x)dads 
r n Jo JdB(y,s) V r ' K ' 

= — / / p(-)u(x)dads 
r n Jo JdB{y,s) r> 

i r s 

= ~^ p{-)nuj n s n ' 1 u(y)ds 
_nu n uM f r p{ s )s n-i ds 



r 

nuj n u(y) f 1 



[ rptty^e-Ut 

Jo 

(v) f p{t)t n ~\ 

JO 



= nuj n u(y) I p(l)l" s 'ii 
= u(y). 

But p G C°° u r G C°°, so u G C°°. Thus MVP u is harmonic by last lecture. 



Weak Solution 
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For the function T(x), we have (in distributional sense ) AT(x) = So(x), i.e. for 
^C C 2 (R"), 

f T(x)Aip(x)dx = <p(0) = [ (pS(0). 
More generally, Ar(x — y) = S y (x). 

Proof: Choose R large so that Supptp C B(0,R). Choose p small. From Green's 
formula we get 

/ T^dx=( (T^-u^)ds. 

JR"-B(0,p) JdB a OV Ov 



As p — > 0, we get 



/ TAtpdx — > / TAipdx, 

JR n -B(0,p) 



n P )j %s<-^- 2 p«-^o, 

JdB p ov p n 1 

f dT 1 1 f 

- u— = — r / uda^u(0), 

JdB p Ov nu n p n 1 J dBp 

which give what we claimed. ■ 

Application: G(x,y) = G(y,x) 

G(x, y) - G(y, x) = f (G(x, z)8{y - z) - G(y, z)5{x - z))dz 
Jn 

= [ {G(x,z)A z T(y-z)-G(y,z)A z T(x-z))dz 
Jn 

= / (G(x,z)—T(y-z)-G(y,z)—T(x-z))dz 
Jan ov z ov z 



I an 
0. 



Weyl's Lemma: Regularity of weakly harmonic functions 

Theorem 2 Suppose u 6 Lq(Q) sa ti s fi es Jn u(x)Aip(x)dx = forVip € C^fi). T/ien 
u is harmonic in Q. 

Proof: Without loss of generality, we can assume u € L 1 (r2). 
Again we take 



u r (x) = p (r) (x) *u= ^ - y][ )u(y)dy. 



Claim 1. J n f(y - x)Ag(x)dx = A y J Q f(y - x)g(x)dx,\ff,g : 

A y / f(y ~ x)g(x)dx = A y / f(x)g(y - z)dz 
Jn Jn 

= / f(z)A y g(y - z)dz 
Jn 

= f(y~ x)Ag{x)dx. 
Jn 

Claim 2. j n u r (x)Ap(x)dx = j n u(x)A(p r (x)dx : 

[ Ur(x)Aip(x)dx = [ \( [ p(— — —)u(y)Aip(x)dy)dx 
Jn Jn r Jn r 

= J (J ^p(^^)u(y)A V (x)dxdy 

f f t \x — v\ 

= / n (2/)( / — - — )^(x)dxdy 



= / u(y)A y ip r (y)dy. 
Jn 



)ip(x)dx)dy 



Claim 3. u r (x) is harmonic. 

In fact, for any ip G C^(0), Aip r (y) G C^(^), so by the assumption we have 

u{y)Ay(p r (y)dy = 0. 

Thus by claim 2, u r (x)A(^(x)(ix = for any if G (f2). 
But n r (x) G C°°(n), thus 

/ u r (a;)A(/?(x)(ix = / Au r (x)ip(x)dx. 
Jn Jn 

So we get 

/ Au r (x)ip(x)dx = 0,V</? G C c 2 (ft), 
Jn 

which implies Au r (x) = 0, i.e. u r {x) is harmonic. 

Claim 4. {u r } uniquely bounded and equicontinuous on any S7' CC ft. 

In fact, u r = // r ) * u implies 



u, 



| L i < l|P (r) ||Li||^llLi < ||«IUi> 
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so 

sup \D k u r \ < C ■ sup \u r \ < C||u|| L i. 
12'ccsj n 

Since u r harmonic, we get 

u r{y) = — W / U r {x)dx, 
^nti JB(y,R) 

which implies 

\u r (y)\ < 

Claim 5. u is smooth. 

In fact, by Arzela-Ascoli theorem, there is some subsequence r\ — > 0,z — > oo s.t. 
u ri -► w € C°° on 9! C fi. 

But n ri = * u — > u in L 1 as — ► 0, so it = v on 17'. Thus it is smooth on f2. 
Now since u is smooth, we have 

= / uAip = / ipAu,Vip, 
Jn Jn 

so Ait = 0, i.e. u is harmonic. ■ 
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